Spinor-generators of compact 
exceptional 
Lie groups F±, Eq and E7 

Takashi Miyasaka, Osamu Shukuzawa and Ichiro Yokota 

1 Introduction 

We know that any element A of the group SO(3) can be represented as 

A = A 1 A 2 A 1 ', Ai,Ai' G 5(9i(2), A 2 G S0 2 {2) 

where SO k {2) = {A G 50(3) | Ae fc = e fe }(fc = 1,2) ([1]). In the present paper, 
we shall show firstly that the similar results hold for the groups SU(3), and 
Sp(3) (Theorem 1). Secondly, we shall show that any element a of the simply 
connected compact Lie group F4 (resp. Eq ) can be represented as 

_ , ax, ax G Spirii(9),Qt2 G Spin 2 (9) 

a - a x a 2 a x , ( resp . ai)ai ' e Spi ni (10),a 2 G Spin 2 (10)) 

where Spink(9) — {a G F4 \ aEk — E^} (resp. Spirik(10) = {a G i?6 I ct-Efe = 
(Theorem 5 (resp. Theorem 7))). Lastly, we shall show that any element 
a of the simply connected compact Lie group Ej can be represented as 

a = o.\a 2 a\ 'a 2 'a/' ', a\, a±', a>i" G Spini(12), a 2 ,a 2 G Spin 2 {\2) 

where Spirik(l2) — {a G E7 \ a>Kk = KkOt, a/j,k = Hkoc} (Theorem 10). 
In this paper we follow the notation of [2] . 

2 Spinor-generators of the groups 50(3), SU (3) 

and Sp(3) 

Let H be the quaternion field with basis 1, i,j and k over R. Then we can 
express each element a — ao + a\i + a 2 j + a-^k G H in the following polar form 



r(cos6> + usin^), u 2 = —1 (u G H), r = \a\ = , a k 2 , 6 e R. 

\ fc=0 



1 



Hereafter, we briefly denote by re uB an element r(cos9 + usin9) after the model 
of complex numbers. 

The classical groups SO(n), SU(n) and Sp(n) are respectively defined by 

SO(n) = {Ae M(n, R) | 1 AA = E, detA = 1}, 
SU(n) ={ie M(n, C) \ A* A = E, detA = 1}, 
Sp(n) = {Ae M(n, H) \ A* A = E] 

where we follow the usual convention for matrices : M(n, K) ( = the set of square 
matrices of order n with coefficients in K = R, C or H ), t A, A*(= l A), E ( = 
the unit matrix) and det ( = the determinant). 

Theorem 1. (1) Any element A G 50(3) can be represented as 

A = AiA 2 Ai' , AuAi' e S0i(2), A 2 e S0 2 {2) 

where SO k {2) = {A G 50(3) | Ae k = e k } = Spin(2) (k = 1, 2), ei = * (1, 0, 0), e 2 = 
'(0,1,0). 

(2) Any element A G SU(3) can be represented as 

A = A 1 A 2 A 1 ', g SUi{2),A 2 e SU 2 {2) 

where SU k (2) = {A G SU(S) \ Ae k = e k } ~ Spin{3) (k = 1, 2). 

(3) Any element A G Sp(3) can be represented as 

A = AiA 2 Ai', Ai,Ai' g Spi(2), A 2 e Sp 2 (2) 

where Sp k {2) = {A G Sp(3) \ Ae k = e k } = Spin(3) (k = 1, 2). 

Proof It suffices to prove (3), because we can reduce (1) and (2) to the 
particular case of (3) in the proof below. First, for a given element A G Sp(3), 
suppose Aei = *(oi, a 2 , a^), a 2 ^ (a k G H (k = 1,2,3)). Then there exists 
an element u G H satisfying u 2 = — 1 and a real number a G R such that 
a^a^ 1 = (\a3\/\a 2 \)e ua . Choose G R such that cot# = |a 3 1 / 1 a-2 1 and set 

/l \ 

B 1 = e UQ / 2 cos6» - e - ua / 2 sin0 G S Pl {2). 
\0 e ua / 2 sin9 e - ua / 2 cos8 J 

Then we get 

SiAei ='(&i, 0,6 3 ), b u b 3 £H. 

Next suppose 63 ^ 0. Then there exists an element v £ H satisfying v 2 = —1 
and a real number /3 G i? such that &1&3 -1 = (|&i /I^De"' 3 . Choose 95 G R such 
that cot</5 = — I&1I/I&3I and set 

/ e- vf} / 2 cos if -e^sin^N 
B 2 = 1 G 5p 2 (2). 

ye-^sin^ e^/ 2 cos ip J 



2 



Then we get 

B 2 B 1 Ae 1 = '(01,0,0), ci G H. 
Since |ci| = 1, we can say c\ — e wl (w 2 = —l,w G H,j G R). Set 

V™' 1 ' \ 
B 2 '= | 1 G 5p 2 (2). 
e^T / 

Then, since it follows B 2 B 2 BxAex — ex, i.e., B 2 B 2 BxA G S'pi(2), we can set 
B 2 'B 2 B 1 A = Bi e Spi(2). This implies 

A = AiA 2 Ai , A u A x ' € S Pl (2), A 2 G Sp 2 (2). 



3 Some elements of Spirik(9), Spirik(lO) and Spink(l2). 

As for the definitions of Spink(9), Spin,k(10) and S pink (12) (k = 1,2), see 
Sections 4, 5 and 6. 

Lemma 2 (Section 4 and [2]). (1) Lei «i(a) 6e i/ie mapping a(a) defined 
in [2] Lemma 2.(1). TTierc ai(a) belongs to Spinx(9) C Spmi(lO) C Spini(12). 



(2) For aeC,a^0, Zei a 2 (a) : 3 — > 3 &e i/ie mapping defined by changing 
all of the indices from k to k + 1 (index modulo 3) m £/ie definition of a(a) of 
[2] Lemma 2.(1). TTien a 2 (a) belongs to Spin 2 (9) C 5*p«n 2 (10) C S , pm 2 (12). 

Lemma 3 (Section 5 and [2]). (1) Let (3x(a) be the mapping (3(a) defined 
in [2] Lemma 2.(2). Then 0x(a) belongs to Spinx(10) C Spinx(12). 

(2) For a G £,a / 0, let f3 2 (a) : 3° — > Z C be the mapping defined by 
changing all of the indices from k to k + 1 (index modulo 3) in the definition of 
(3(a) of [2] Lemma 2.(2). Then f3 2 (a) belongs to Spin 2 (10) C Spin 2 (12). 

Lemma 4 (Section 6 and [2]). (1) Let 71(a) be the mapping 7(a) defined 
in [2] Lemma 3.(1). Then 71(a) belongs to Spinx(l2). 

(2) For a G £, a ^ 0, Zet 72(a) : *p c -4- ^p 1 " 6e the mapping defined by 
changing all of the indices from k to k + 1 (index modulo 3) in the definition of 
7(a) of [2] Lemma 3.(1). Then j 2 (a) belongs to Spin 2 (l2). 

(3) Le£ <5i(a) 6e the mapping 5(a) defined in [2] Lemma 3.(2). T/ien <5i(a) 
belongs to Spinx(l2). 

(4) For a G <£, a ^ 0, let S 2 (a) : Cp c ->• CP 6e ifte mapping defined by 
changing all of the indices from k to k + 1 (index modulo 3) in i/ie definition of 
5(a) of [2] Lemma 3.(2). Then 5 2 (a) belongs to Spin 2 (12). 
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4 S'pin(9)-generatos of the group F 4 

The simply connected compact Lie group F 4 is given by 

F 4 = {a G lso R (Z) | apt x F) = aX x aF}. 

The group F4 has subgroups 

Sp»n fc (9) - {a G F 4 I = £ fc } (fc - 1, 2), 

where E x = (1, 0, 0; 0, 0, 0), £ 2 = (0, 1, 0; 0, 0, 0) G J, which is isomorphic to the 
usual spinor group Spin(9) ([2], [3]). 

Theorem 5. Any element a 6 F4 can 6e represented as 

a = a\a 2 a\ , ai, ai G 5pmi(9), a 2 G Spin 2 (9). 

Proof For a given element a G F4, it suffices to show that there exist 
ai G Spini(9) and a 2 G £>piri2(9) such that a 2 o.\aE\ = E\. Now, for uE\ = 
{£,i-,£,2,£,-i',x\,X2,Xz) = Xo, choose a G £ such that (a,xi) = 0, |a| = 7r/4, and 
dehnc ai(a) G Spini(9) of Lemma 2.(1). Then we get 

ai(a)X = (^i', 6') 6'; a;/) 3:3') = -Xi- £1' = £1,62' = £3' G i?,x 3 ' = x 3 G £. 
If xi' ^ 0, define ai(7TXi'/4|xi'|) G Spini(9). Then we get 

a^xi'/^xi'^Xi = &";0,x 2 ",x 3 ") = X 2 , £/' = £/, £ fe " g R,x k " g £. 

From the condition X 2 x X 2 = 0, we have 

£/£/_= 0, £ 3 "£i" = x^'xT 7 , - ^"^7, 

x 2 " x 3 " = 0, £ 2 "x 2 " = 0, £ 3 "x 3 " = 0. 

Here we distinguish the following cases : 

(I) When £ 2 " = 0. From X 2 xX 2 = 0, we have xj/'xV 7 = 0, hence x 3 " = 0. 
Therefore X 2 is of the form 

X 2 = (£1", 0, £3"; 0, x 2 ", 0), £1" = £/, £3" G H, x 2 " G C. 

Choose 6 G £ such that (6, x 2 ") = 0, |6| = 7r/4, and define a 2 (b) G Spin 2 (9) of 
Lemma 2.(2). Then 

" 2 (6)X 2 = (£< 3 \ 0, £< 3) ; 0, xf,0) = X 3 , ^ = £f G fi, xf G C. 

If x 2 3) 7^ 0, dehnc a 2 (7rx^ 3) /4|x 2 3) |) G Spin 2 {9). Then 

a 2 (^ 3) /4|x( 3) |)X 3 = (£< 4) ,0,£< 4) ; 0,0,0) = X A , g\g> G A 

From X i xX i = 0, we have ^ 4) ^ 4) - 0. If ^ 4) = 0, dehnc a 2 (7r/2) G Spin 2 {9). 
Then 

a 2 (7r/2)X 4 - 0,0; 0,0,0) = X 5 , = # G H. 
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If = 0,^4 is also of the form X 5 . Thus we obtain X 5 = E\, since ^ = 
tr(X 5 ) = tr(^) = 1. 

(II) When £2" ^ 0. From X 2 xX 2 = 0, we have &"x 2 " = 0, hence x 2 " = 0. 
Therefore X 2 is of the form 

X 2 = (6", 6", 0; 0, 0, x 3 "), &" G R, x 3 " G C. 

By considering ai(n/2)X 2 , this can be reduced to the case (I). 
We have just completed the proof of Theorem 5. 

5 5j?m(10)-generators of the group Eq 

The simply connected compact Lie group E e is given by 
E 6 = {a£ Iso c (3 c ) aX x aY = tolt{X x Y), < aX, aY >=< X, Y >}. 
The group Eq has subgroups 

Spin k (W) = {aeE 6 | aE k = E k } (k = 1, 2), 
which is isomorphic to the usual spinor group Spin(10) ([2], [3]). 
Lemma 6. (1) For any element 

X = 6, 6; x u 0,0), &eC,ne£ c 

of 2 , there exists some element a\ G Spmi(10) smc/i i/iai 

aix^', 0,0,0), 6' = 6,6' eC. 

(2) For any element 

x = (^1,0,0; o,x2, S3), £iGC,x fe G£ c 

of 2° , there exists some element ol\ G Spin\(9) such that 

a x X = (£i,0,0;0,x 2 ',x 3 ') ; £1' = 6 G C,^' G £ c ,x 3 ' £ C. 

Proof (1) For x\ = p + iq(p,q G £), choose a G C, a 7^ 0, such that 
(a,p) = (a,q) = 0, and define ai(ira/4\a\) G Spmi(9) of Lemma 2.(1). Then 

ai(ira/4\a\)X = (6', 6', 6' = 6', 6'; an', 0, 0) = Xj. 6' =6,6' =6' G CW G £ c 

Next, for xi' = p' + iq' (p',q' G £), choose b G £, 7^ 0, such that (6,f/) = 
(6,q') = 0, and define /3i (tt6/4|6|) G Spmi(10) of Lemma 3.(1). Then 

ftfrfc/^l)*! - (6", 0, 0; x/', 0, 0) = X 2 , Ci" = 6 G C, an" G £ c 
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Next, for Xl " = p" + iq" (p",q" G £), if q" ^ 0, define a^irq" /4\q"\) G Spm^) 
. Then 

«i(7rg"/4|g"|)^ 2 = (£< 3 >, £< 3 \ £< 3 >;p( 3 >, 0, 0) = X 3 , ^ 3) = d^f - e G>< 3 > G <£. 
Finally, if p( 3 ) ^ 0, define /3i(7rp( 3 )/4|p( 3 )|) G Spmi(10). Then we get 

AM 3) /4b (3) l)x 3 = (# ) ,^ 4) ,^ 4) ;0,o,o), e C 

as desired. 

(2) At first, we show that for any element 

Z= (Ci, 0,0; 0,2 2 , 23), Ci€ 

there exists ol\ G Spin 1 (9) such that 

ai z = (CI, 0,0; 0,4,0), Cie-R,4G£. 

In fact, if z 2 z 3 ^ 0, choose i > such that cot (^22 23 1) = — | -^2 1 / 1 ^3 1 , and de- 
fine a 1 (£22.23) G Spini(9). Then we get (z 3 -part of ai{fz2Z^)Z) = 0. If 
z 2 = 0, then ai(n/2)Z is of the form as desired. Now for a given element 
X = (£i,0, 0;0,x 2 ,x 3 ) G 3 C , express X = Y + iZ, Y, Z G 3 and apply the 
result above to Z, then we get the required form ot\X = a{Y + ia.\Z. 

Theorem 7. Any element a £ Eq can be represented as 

a = ct\a.<ia.\ ', a\,a\ G S'pmi(lO), a?2 € Spir^lO). 

Proof For a given element a G £?6, set aE\ = (£1, £2, £3; xi, x 2 , #3) = Xo £ 
3 C . By Lemma 6.(1), we can take a\ G Spin\{10) such that 

aiX = (Ci',6',£3';0,X2',x 3 ') = Xi, £/ = £1, 

noting that the subspaces {(£1, £2, £3; £1, 0, 0) G % C } and {(0, 0, 0; 0, x 2 , x 3 ) G 
3°} are invariant under the action of the elements of Spmi(10), respectively. 
From the condition X\ x X\ = 0, we have £2' €3' =0. As a result, the argumant 
is divided into the following three cases : 

(I) Case £ 2 ' = 0,£ 3 ' ^ 0. From X 1 x X 1 = 0, we have £ 3 'x 3 ' = 0, hence 
X3' = 0. Therefore Xl is of the form 

Xi - (£i\0,£ 3 ';0,x 2 ',0), £i'=a, 

Thus, for Xi G Z°\ we can take a 2 £ Spiri2(10) such that 

a2Xi = (£i",0,£ 3 ";0,0,0) = X 2 , 

in the same way as in Lemma 6.(1). Then, from X 2 x X 2 = 0, we have £i"£ 3 " = 
0, tha is, 

X 2 = (d", 0, 0; 0, 0, 0), (t£i")£i" = 1 or X 2 = (0, 0, £ 3 "; 0, 0, 0), (r£ 3 ")£ 3 " = 1. 
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Thus we obtain that there exist some elements e 2 (f) G Spin 2 (10) and a2(7r/2) G 
Spin 2 (9) such that 

e 2 {t)X 2 = E x or e 2 (i)a 2 (> /2)X 2 = E x , 

where e 2 {t) G Spin 2 (10) is defined by 

£2(4)^1,6,6; an, a; 2 , a; 3 ) = (e^i.^.e-^je-^si.^.e**/ 2 ^), * G H 

(cf. [2] Lemma 10.(1)). 

(II) Case £ 2 ' + 0,6' = 0. From X 1 x X x = 0, we have 6'x 2 ' = 0, hence 
£2' = 0. Therefore X\ is of the form 

Xi = (6',6',0;0,(W), 6' = 6- 

Thus, by considering ai(7r/2)Xi, where ai(7r/2) G Spiiii(9), this can be reduced 
to Case (I). 

(III) Case 6' = 6' — 0- By Lemma 6. (2), we can take a.\ G Spin\{9) such 

that 

ai'Xx = (6", 0, 0; 0, x 2 ", x 3 ") - X 2 , 6" - Zi,x 2 " € £ C , x 3 " G C. 

Then, from Jf 2 x X 2 = we have Xs"x' 3 ' = 0, hence x 3 " = 0. Thus, for 
X 2 = (6",0,0;0,x 2 ",0) G 3 C , we can take a 2 G Spin 2 {10) such that 

a 2 X 2 = (e i 3) ,0,^ 3) ;0,0,0) = X 3 , 

in the same way as in Lemma 6.(1). Hence in a similar way as in Case (I), we 
obtain the required result. 

We have just completed the proof of Theorem 7. 

6 Spin( 12)— generators of the group E-j 

The simply connected compact Lie group £7 is given by 
E 7 = {a G Iso c (q3 c ) \a(P x Q)^ 1 = aP x aQ,<aP,aQ >=< P,Q >}. 
The group £7 has subgroups 

Spin k {\2) = {a G E 7 an k = n k a, a/i k = Mfc"} ( fc = 1, 2 ) 
where and ^ifc are defined by 

K k (X,Y,£,ri) = {-{E k ,X)E k +AE k x (E k x X), (E k , Y)E k - AE k x (E k x Y), — 
fih {X, Y, C, 77) = (2E k x Y + V E k , 2E k x X + £E k , (E k , y ) , (E k , X ) ) , 

respectively, e.g., when k = 1, for P = ((£1, 6, 6; ^l, z 2 , £3), (771, 772, j? 3 ; 2/1, 2/2, 2/3), £, 
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m-P = ((-6, 6, 6; £i, 0,0), (771 , — T72 , — 773 ; — y i , 0, 0) , -£,77), 

/iiP = ((77, 773, 772; -2/1,0,0), (6 6, 6; ~xi, 0, 0), 771, 6)- 



Then Spin^iYl) is isomorphic to the usual spinor group Spin(\2) ([2], [4]). 

Lemma 8 . For an element P = ( (6 , 6 , 6 ! %i , %2 , x 3 ) , , % , % 5 2/1 , 2/2 , 2/3 ) , 6 v) £ 
satisfying P x P = 0, it holds the following 



(1) 6»?i +6^2 + 6^73 + 2(xi, yi) + 2(22,2/2) + 2(2:3,2/3) - 36? = 0, 



(2) 


66 - mv - xixi = 


0. 


(3) 


66 - mv - X2x5 = 


0. 


(4) 


66 - V3V - £3^3 = 


0, 


(5) 


6^1 + Wi - 2:22:3 = 




(6) 


&X2 + V1J2 - X 3 X! = 


= 0, 


(7) 


6^3 + V1J3 ~X\X2 = 


: 0, 


(8) 


mm - 6£ - 2/12/1 = 


0. 


(9) 


mm - 6£ - 2/22/2 = 


0, 


(10) 


mm - 6£ - 2/32/3 = 


0, 


(11) 


7712/1 + 6^1 - 2/22/3 = 


0, 


(12) 


mV2 + &2 - 2/32/1 = 


0, 


(13) 


V3V3 + & 3 - yiy 2 = 


0, 


(14) 


V3X1 + 62/1 + 2/2^3 : 


= 0, 


(15) 


V3X2 +62/2 + x 3 yi -- 


= 0, 


(16) 


m X3 + 62/3 + yiX2 -- 


= 0, 


(17) 


V1X3 + 62/3 + xiy 2 -- 


= 0. 



Proof These are immediate from the straightforward computation of P x 
P = 0. (Note that those are not all of the relations followed by P x P = 0.) 

Lemma 9. (1) For any element P G < Jp c , there exists some element 
oti G Spin\(12) such that 

otiP = ((6,0,0;0,x 2 ,x 3 ), (771, 772,773; 0,2/2, 2/3), 6 rj). 

In particular, if an clement P = ((0, 6, 6; Xi, 0, 0), (771, 0, 0; 0, 0, 0), 0, 77) G <p C 
satisfies the conditions P x P = and < P, P >= 1, then there exists some 
element ct\ G Spin\{\2) such that 

a 1 P=l, where 1 = (0,0,0,1) G ^° . 

(2) For any element P G S $ C , there exists some element a 2 G Spin2{V2) 
such that 

a 2 P = ((o,6,0;2;i,o,x3), (m, m, %; 2/1, 0, 2/3), 6 v)- 

In particular, if an element P = ((6, 0, £ 3 ; 0, x 2 , 0), (0, 773, 0; 0, 0, 0), 0, 77) G q3 C 
satisfies the conditions P x P = and < P, P >= 1, then there exists some 
element a 2 G 5^7712(12) such that 

a 2 P = l- 

Proof (1) The first half is the very [2] Proposition 4.(2). We shall now 
prove the latter half. For an element P = ((0, 6, 6; x i, 0, 0), (m, 0, 0; 0, 0, 0), 0, 77) G 
s p c , act a\ G Spin\{12) that is given in the first half which is composed of the 
elements of Spin\(12) defined in Lemmas 2, 3 and 4, on P. Then we get 

ai P = ((0, 0, 0; 0, 0, 0), (771', 0, 0; 0, 0, 0), 0, 77') = P u 
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noting that the subspaces < *P >i, < *P >i and < >i of *}3 are invari- 
ant under the action of the elements of Spini(12) defined in Lemmas 2, 3 and 
4, respectively, where 

< ¥ c > 1= {((6, 0, 0; 0, 0, 0), (0, 772, r? 3 ; yi, 0, 0), £, 0) g <p c }, 

< <$ c >/ = {((0, 6, 6; xi, 0, 0), (m, 0, 0; 0, 0, 0), 0, r?) G <£ c }, 

< «p c >/' = {((0, 0, 0; 0, x 2 , x 3 ), (0, 0, 0; 0, y 2 , y 3 ), 0, 0) G <£ c }. 

From P x P = 0, we have rji'r]' = by Lemma 8.(2). As a result, the argument 
is devided into the following three cases: 

(1) Case ?7i ' = 0,r/ ^ O.Pi is of the form P 1 = ((0, 0, 0; 0, 0, 0), (0, 0, 0; 0, 0, 0), 0, 77'). 
Now, for 9 G C satifying (t9)6 = 1, define the mapping ei(0) : Cp c -)• <p c as 
follows. 

ei(0)((£i, £2, &;ari, 0:2,0:3), (»7i, ??2, J/i, 2/2, 2/3), £, ??) 

= ((0- 2 6, 6, 6; zi, 0-^2, ^^3), (0 2 r?i, 772, 773; yi,9y 2 , 9y 3 ),9 2 £, 9^). 

Then ei(9) G 5pmi(12). Therefore, noting that {rri')ri' =< Pi, Pi >= 1, choose 
9 e C such that 9 2 = 77' and set ei(0). Then we get ei(0)Pi = 1. 

(II) Case 771' ^ 0,7/' = 0. By considering ji(ir/2)Pi, where 7i(7r/2) G 
S^ini^) of Lemma 4.(1), this can be reduced to Case (I). 

(III) Case 771' = 77' = 0. This does not occur, because < Pi, Pi > = 1. 

(2) It is similarly verified by using Spin 2 (12) instead of Spini(12) in the 
proof of (1). 

Theorem 10. Any element a G E 7 can be represented as 

a = ctict 2 cti a 2 cti , ai,ai',ai" G Spini(12), a 2 , ce 2 ' G Spin 2 (12). 

Proof For a given element a G £7, it suffices to show that there exist 
a.i,a.i G 5*7317x1(12) and a 2 G Spin2(12) such that ai'a 2 oiial = 1. In fact, 
since an element a G P7 belongs to Pe(c P7) if and only if a fixes an alement 
1, i.e., al = 1 ([4]), it follows ai'a^aia G P6, which implies that a G P7 can 
be represented as a required form by Theorem 7. Now, set 

<4 = {(Zi,&,&,xi,x 2 ,x 3 ), (771, 772, t? 3 ; yi, 2/2,2/3), £, 77) = Po e *P C - 

Then, by Lemma 9.(1), we can take ai G Spmi(12) such that 

aiPo = ((a',0,0;0,X2',X3 / ),(??l', 772 , , 773';0,7 / 2',7 / 3'),e^'7 , ) = Pi- 

From Pi x Pi = 0, we have 771V = by Lemma 8.(2). As a result, the argument 
is devided into the following three cases : 

(I) Case 771' = 0,77' ^ 0. By Lemma 8.(6) and (7), we get y 2 = y 3 = 0. 
Furthermore we get £' = by Lemma 8.(1). Therefore Pi is of the form 

Pi = ((6', 0, 0; 0, x 2 ', x 3 '), (0, 772', 773'; 0, 0, 0), 0, rj'). 
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Then, by Lemma 8.(8), we have f] 2 'W = 0. Hence there are three cases to be 
considered. 

(LA) Case rj 2 ' = 0,773' 7^ 0. By Lemma 8.(15), we get x 2 = 0, that is, Pi 
is of the form 

Pi = ((&', 0, 0; 0, 0, a*'). (0, 0, 0, 0, 0), 0, rf). 

Then, applying Lemma 9.(2) to a\{ir /2)P\, where ai(7r/2) G Spin\{9), we can 
obtain that there exists some element a 2 G Spin 2 (12) such that a2ai(7r/2)Pi = 
1. 

(LB) Case 772' ^ 0, 7/3' = 0. By Lemma 8.(16), we get x 3 = 0, that is, Pi 
is of the form 

Pi = ((&', 0, 0; 0, x 2 ', 0), (0, 772', 0; 0, 0, 0), 0, 77'). 

Thus we can easily obtain the required result by Lemma 9.(2). 
(I.C) Case 772' = 773' = 0. Pi is of the form 

Pi = ((&', 0, 0; 0, x 2 ', x 3 '), (0, 0, 0; 0, 0, 0), 0, 77'). 

Here we distinguish the following cases : 

(I.C.I) When x 2 ^ 0,x 3 ' ^ 0. By Lemma 6.(2), we can take a.\ G 
Spini(9) such that 

ai'Pi = ((&", 0, 0; 0, x 2 ", x 3 "), (0, 0, 0; 0, 0, 0), 0, rj"), = rj" =i/eC, x 2 " G £ c , ar 3 " G £. 

Then, by Lemma 8.(4) we have x 3 "x 3 " — 0, hence x 3 " = 0. Thus we easily 
obtain the required result by Lemma 9.(2). 

(I.C.2) When x 2 ' = 0,x 3 ' ^ 0. Considering ai(7r/2)Pi, where ai(n/2) G 
Spini(9), we can easily obtain the required result by Lemma 9.(2). 

(I.C. 3) When x 2 ^ 0, x 3 — 0. We can easily obtain the required result by 
Lemma 9.(2). 

(I.C. 4) When x 2 — x 3 = 0. We can easily obtain the required result by 
Lemma 9.(2). 

(II) Case r\i ^ 0,77' = 0. By considering £i(7r/2)Pi, where 5\{tt/2) G 
Spin\(12) of Lemma 4.(3), this can be reduced to Case (I). 

(III) Case 77/ = 77' = 0. Pi is of the form 

Pi = ((&', 0, 0; 0, x 2 \ a*'), (0, W, W\ 0, 7/2', WW, o). 

Now, as is similar to Lemma 9.(1), we obtain that, for any element P G ^3 C , 
there exists some element a\ G Spin\{12) such that 

aiP = {{€i,b,&,0,X2,x 3 ), (771, 0, 0; 0, y 2 , 2/3), ??)• 

Note that the invariant subspaces < <p c >i,<ty C >i and < <p c >/' of <p c 
under the action of the elements of Spini(12) defined in Lemmas 2, 3 and 4. 
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Then, applying the result above to the present case (III), we can take a.\ G 
Spini(12) such that 

<*i'Pi = ((Zi", 0, 0; 0, x 2 ", x 3 "), (0, 0, 0; 0, y 2 ", y 3 "), 0) = P 2 . 

Therefore we have = by Lemma 8.(8). Hence there are three cases to 

be considered. 

(III.A) Case £i" = 0,£" ^ 0. By Lemma 8.(12) and (13), we get x 2 " = 
x 3 " = 0. Then P 2 is of the form 

P 2 = ((0, 0, 0; 0, 0, 0), (0, 0, 0; 0, y 2 " , y s "),?, 0). 

Thus, by considering ji(tt/2)P 2 , where 7i(7r/2) G S'pmi(12) of Lemma 4.(1), 
this can be reduced to Case (LC). 

(III.B) Case ^ 0,£" = 0. By Lemma 8.(15) and (16), we get y 2 " = 
y 3 " = 0. Therefore this is reduced to Case (LC). 

(IILC) Case 6" = £" = 0. P 2 is of the form 

P 2 = ((0, 0, 0; 0, x 2 ", x 3 "), (0, 0, 0; 0, y 2 ", y 3 "), 0, 0). 

Here we distinguish the following cases : 

(III.C.l) When x 2 " ^ 0. By Lemma 9.(2), there exists some element 
a 2 G Spin 2 (\2) such that 

a 2 P 2 = m^\0^\0,x^(r,[ 3 \4 3) A 3) ;y[ 3) ,0,yi%e 3) ,V (3) ) = ft- 

Here, by Lemma 8.(3), we have rj^r)^ = 0. Hence there are three cases to be 
considered. 

(IILC. 1.1) Case t} 2 ] = 0,r]^ ^ 0. By Lemma 8.(5) and (7), we get y {3) = 
y^ = 0. Furthermore, we get £( 3 ) = by Lemma 8.(1). Then P 3 is of the form 

P 3 = ((0, ^ 3) , 0; x{ 3 \ 0, 4 3) ), fa< 3 \ 0, r?f; 0, 0, 0), 0, r,^). 

Here, by lemma 8.(9), we have r]^r)^ = 0. Hence there are three cases to be 
considered. 

(IILC. 1.1.1) Case r]{ 3) = 0,r] {3) ^ 0. By Lemma 8.(14), we get x{ 3) = 0. 
Then, considering a 2 (-K /2)P 3 , where a 2 (n/2) G Spin 2 (9), we can easily obtain 
the required result by Lemma 9.(1). 

(IILC. 1.1. 2) Case r, {3) + 0,r/ (3) = 0. By Lemma 8.(17), we get x 3 3) = 0. 
Then we can easily obtain the required result by Lemma 9.(1). 

(IILC. 1.1. 3) Case r/ (3) = r/ (3) = 0. P 3 is of the form 

^3 = ((0, Cf, 0; x {3 \ 0, 4 3) ), (0, 0, 0; 0, 0, 0), 0, t?< 3 >). 

Here we distinguish the following cases : 

(III.C.l. 1.3. (i)) When x {3) ^ 0,x (3) ± 0. As is similar to Lemma 6.(2), we 
obtain that there exists some element a 2 G Spin 2 (9) such that 
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a 2 'P 3 = ((0, &\ 0; x< 4) , 0, x 3 4) ), (0, 0, 0; 0, 0, 0), 0, r,^) = P 4 , 

Then, by Lemma 8.(2), we have x^a;^ 4 -' = 0, hence = 0. Thus, considering 
a2(i"/2)-P4, where a2(7r/2) G Spin,2(9), we can easily obtain the required result 
by Lemma 9.(1). 

(III.C.1.1.3.(ii)) When xf } = 0,x 3 3) ^ 0. Considering a 2 {n/2)P 3 , where 
02(77/2) G Spin 2 (9), we can easily obtain the required result by Lemma 9.(1). 

(III.C.1.1.3.(iii)) When x{ 3) ^ 0, xf } = 0. We easily obtain the required 
result by Lemma 9.(1). 

(III.C.1.1.3.(iv)) When x\ = x\' — 0. We easily obtain the required 
result by Lemma 9.(1). 

(III.C.1.2) Case ?^ 3) ^ 0,^ = 0. By considering 7 2 (7r/2)P 3 , where 
72(77/2) G Spin 2 (\2) of Lemma 4.(2), this can be reduced to Case (III. C. 1.1). 

(III. C. 1.3) Case rffi = i]^ = 0. This docs not occur. In fact, note that 
the subspace < *p c >2 of s p c is invariant under the action of the elements of 

Spin 2 (12) defined in Lemmas 2, 3 and 4, where < <p c > 2 = {((6,0, £>, ; 0, x 2 , 0), (0, 772, 0; 0, 0, 0), 0, rj) G 
y c }. Then, for P 3 = a 2 P 2 , that is, 

((0,^,0;x( 3 \0,xf),(^,0,,f;,P\0, y f),^,0) 
= a 2 ((0, 0, 0; 0, x 2 ", x 3 "), (0, 0, 0; 0, y 2 ", y 3 "),0, 0), 

where a 2 G Spin 2 (12), the condition rffi = j/ 3 ) — contradicts x 2 " 0. 

(III.C.2) When x 2 " = 0,x 3 " ^ 0. By considering a 1 (n/2)P 2 , where 
ai(7r/2) G Spini(9), this can be reduced to Case (III.C.l). 

(III.C.3) When x 2 " = x 3 " = 0,y 3 " ^ 0. By considering j 1 (n/2)P 2 , where 
7i(tt/2) g Spini(12), this can be reduced to Case (III.C.l). 

(III.C.4) When x 2 " = x 3 " = y 3 " = 0,y 2 " ^ 0. By considering ai (ir/2)P 2 , 
where ai(7r/2) G Spini(9), this can be reduced to Case (III.C.3). 

(III.C.5) When x 2 " = x 3 " = y 2 " = y 3 " = 0. It is obvious that this does 
not occur. 

We have just completed the proof of Theorem 10. 

Conjecture We know that the simply connected compact excetional Lie 
group E$ has subgroups Ssfc(16) = (E s ) (Jk (where = exp7TKfc),fc = 1,2,3 
(which is isomorphic to Spin(lQ)/Z 2 not 5*0(16)). Now the authors do not 
know if 5si(16) and Ss 2 (16) generate the group E s l 
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